ON THE INTERRELATION BETWEEN TEMPERATURES
FOR NONLINEAR HEAT-TRANSFER PHENOMENA
IN HEAT LIBERATING ELEMENTS
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and L. S. Konovalova

Relationships between temperatures at various points of a heat liberating element are estab-
lished.

The temperature on the surface of a heat liberating element, i.e., a radio resistor, condensor, coil,
etc., is usually determined more simply from experiment or computation. It is interesting to establish
a correlation between the temperatures at various points of a heat liberating element, particularly between
the temperature at surface points and points within the bulk.

Let us consider a system of nonlinear differential equations describing heat transfer in a body with
an energy source (sink) of time-invariant intensity:

C(9) 6_6_ = div {L (8) grad 8] -+ Po, (1)
oFo
— {L (8) grad 6] = pf (8,), )

Fo=0
Let us construct the solution of this system in the form of a function 4 which reproduces the law of

external heat exchange

0=7(0).

On the other hand, in a given range of temperature variation, andif this range is relatively large,
then the thermal parameters C(6) and L(9) in its individual sections can be approximated by the equations

. I
CO)y=0q 5 (4)
_ g I 5
L(G)_—azae. (3)

Substitution of (4), (5) reduces (1)-(3) to a system of convective heat transfer for the newvariable &

a, 99 29 1 Po
ot SER + — Po, 8
a, OFo Ve a, @
— (grad 9), = 20, (7
a,
oo =V (8)

The solution (6)-(8) can be written as [1]

8(X, Y, Z, Fo) =8, (X, Y, Z)~W (X, Y, Z, Fo). (9)
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where thed|jy (X, Y, Z)in (9) is the limit value of the function ¢ which holds for Fo = «, and

W(X,Y, Z, Fo)= EA,-Ui (X) U; (Y)Y U, (2) exp (— m; Fo) (10)
=0
is a function of the time and the coordinates which tends to zero as Fo — «.
Here m; =m, m;, my, . . . is a number of increasing positive constants
0<<my<<m <m,<<... (11)

and the functions Uj depend only on the coordinates of points of the body.

Because of the inequality (11) the series in the right side of (10) converges rapidly. Hence, even for
times not very close to the beginning, all terms except the first can be neglected therein

W (X, Y, Z, Fo)=AU(X)U (Y) U (Z) exp (—— mFo). (12)

Having been given some fixed values Y = Yg and Z = Z 4, as is done in [2], we find from (12)

) W (X, Yg Zg FO)
AU (V) U(Zy) exp(—mFo)

UX) =

Correspondingly, for some fixed values X3, Zg and X3, Yg we have
_ W(Xg Y, Zg Fo) andU (Z) = W Xy Yo Z, Fo)
AU (Xg) U (Zy) exp (— mFo) AU (Xg) U (Yg) exp(—mFo)

Substituting U(X), U(Y), U(Z) into (12) yields the general nature of the correlation between the func-
tions W

vE)

W (X, Yo Zg FOW (Xg, Y, Zy, FOW (Xg, Yo Z, Fo)

W(X, Y, Z, Fo) =
( ) W2(Xg, Yo Zg FO)

Taking account of (9) this relationship is written for the function & as
4, (X, Y, Z)—8(X, Y, Z, Fo)= [ﬁlim(X, Yo Zg)—0(X, Y, Zg, F0)|
X [ﬁum(Xd,, Y, Zg) — 8 (Xy Y, Zy FO) [ﬁlim(xfb’ Yo Z)
— 8 Xy, Yy Z FO)| [8, (Xg Yo Zg) — O (Xg, Yy Zg, Fo)]™ (13)

In the limit as Fo = e, i.e., in the steady state, the relationship (13) simplifies to
13lim(X, an» Zdy)ﬁlim (Xda’ Y, ZdJ)ﬁ(de de Z)

o (X, Y, Z)= 2 (14)
i
o ﬂiim(x‘b’ Yoo Zy)
Particular dependences
ﬁnm(X, Y, Z)—9%(X, Y, Z, Fo)= [ﬁlim(X, Y5, Zo)
—¥(X, Y, Z, Fo)] [ﬁlmng, Y, Zy)—8(Xs,, Y, Zg, Fo)]
X[ (X, Yo, 2)—8(Xs, Yo, Z, Fo)] [8 (X, Vo, Z) =8 (X, Y, Z, Fo)]? (13"
can be obtained from the general dependences (13), (14), and correspondingly for Fo = e
im (G Vs, Zg)im (X5, ¥V, Zs) 8 (X Vs, 7) (14

4 (X, Y, Z)=
lim "jﬁéxs’ Ve Zg)
The relationships (13", (14") permit computation of the functions « for points in the bulk of a heat liberating
element, and also the temperatures ¢ for a given law of external heat exchange f(4) if the surface tem-

peratures are known at corresponding points.

Heat liberating elements most often operate in the radiant convective heat-exchange mode

Bi G ,
1L =[Bi+G 0. — 4 _ NI (15)
[L (8) grad 8} = (Bi )[ B+ G B —1) 4 BLG (es )]
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Following the method elucidated here, lef us
¢ construct the solution of the system (1), (15), (3)
in the form
. 4 f p=—D o)+ @ —1).  (16)
P — i Bi4G Bi G
L 104 : :
9tete% Substitution of the expression (16) for +# into
RIS e the relationship (13) permits expressing it in terms
R of the relative temperatures 6 and the ratio Bi/G.
& Further manipulation reduces to the following. The
factor with power —2 in the right side is transferred
b E to the left. The left and right sides of the relation-
; ship are written as algebraic equations in powers of
i Bi/G.
. d Equating the expressions with identical
I I powers of Bi/ G, we obtain four equations con-
~220 V necting 6 at corresponding points of the heat libera-
Fig. 1. Test diagram: a) stabilized rectifier VS- ting element which do not contain Bi/G. Of these
12; b) milliammeter; ¢} resistance box R-314; d) four equations, the relationship between the excess
potentiometer R-314; e) range multipliers; f) heats AT = T — T¢ of corresponding points of the
thermometers; 1, 2, 3, 4) thermocouples. heat liberating element, which has the form

AT, (X, ¥, Z)— AT (X, Y, Z, Fo) = [ATy (X, Yo, Zy)

—AT(X, Y Zy, FO)| [AT Xy YV, Zg) — AT (Xg, ¥, Zg, Fo)]

im(

X ATy (Xgy Yo 2)—AT (X, Yo Z, Fo)]
X (AT Xe Yoo Zg) — AT (Xo, Yo Zgo o)l (17)

is most acceptable for practical utilization. Correspondingly, for Fo = =«

AT.H(X, Y, Z) - Aﬂim(X, Yq)v Zq))AEim(Xm, Y, Zd\) AYiim(an Yd)v Z) .

(18
lir A'Iﬁm(ch, Yo Zo)

It should be stressed that values of the thermal coefficients C and L, the dimensionless heat-exchange
characteristics Bi and G, as well as the intensity Po of the energy sources, do not enter into (17), (18).

The correlation obtained between the excess heats (18) has been verified experimentally. Eighteen
samples of range multipliers of electrical measurement instruments were the subjects tested. The re~
sistor frames were fabricated from Textolite. They were normal in size [3]. The winding was of ¢ 0.1,
0.2, or 0.3 mm wire. Four copper—constantan thermocouples, whose lead (¢ 0.1 mm) was bypassed in
a circle by the rod of the frame or the surface of the winding, respectively, were mounted on each sample,
and their junction was glued with BF glue to improve the contact.

The tests were conducted according to the circuit pictured in Fig. 1. The excess heats were mea-
sured at points 1, 2, 3, 4 in the stationary thermal state, where AT; ~ 55-95°K for each of the four in-
tensity modes corresponding to excess heat at point 1.

The test excess heats at points 1, 2, 3, 4 and the computed excess heat

AT, AT,

19
AT (19)

AT, =
in Table 1 are presented only for one of the modes of each coil, and the discrepancy between the test and
computed values AT, for all the modes (they are written in the last column in increasing values of the in-
tensity, and are isolated for the cited excess heats in heavy type).

The last column in Table 1 shows that computations of the excess heat at point 2 by means of (19)
agree satisfactorily with the experimental results. In the overwhelming majority of cases the discrepancy
does not exceed 10%.
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TABLE 1. Experimental and Theoretical Excess Heats at Points 1,

2,3,4
Dimensions,) Test AT(ex): °K at
Frame num-|mm points AT%(IQ), AT (102 ex0) ,
ber K AR 100,%
d|D|n |1 2 3 | ¢ by (19) 2€X)

MN 4073-63
1-06 8112120,5/57,9] 61,040,0{44,8/ 64,8 --(6,2; 5,5; 5,8; 7,5)
1-10 10}1615 |57,5/ 60,2]46,548,9] 60,4 -+(0,3; 0,4; 0,65 0,0)
I-11 101620 (60,3, 65,9|45,4|51,3| 68,1 --(3,8; 3,3; 3,8; 3,8)
1-14 12116 |44,5(61,2| 62,8(43,543,2| 60,7 —(3,3; 3,6; 3,3; 3,b)
1-20 8120119,559,7| 64,7(47,1{54,5 69,0 --(6,6; 7,0; 7,9; 6,5)
1-21 16120119,5/64,5| 64,8166,6/47,9] 51,1 +(4,2; 8,7; 4,3; 3,6)
1-22 8120(26,5(71,9| 81,0151,7/62,9] 87,4 -+(9,2; 7,9; 9,0; 8,4)
1.23 1025111 |64,9] 70,3|54,7/65,0, 77,0 --9,3; 9,5; 9,4; 10,2)
I-24 10125115 |70,4] 76,9|55,6/67,0/ 84,8 --(10,4; 10,3; 10,8; 11,0)
1-25 101251(19,5|73,11 79,9158,8/66,9] 83,1 -+(3,1; 4,0; 0,1; 3,7)
1-26 20125|19,5|76,5| 78,6160,4/62,0] 78,5 -+(0,3; —~0,1; —0,1; —0,2)
1-28 10| 25134,5(76,4| 87,0152,5(62,6/ * 91,0 --(3,8; 3,7; 4,6; 5,4)
1-29 10)3219,5/81,0/ 91,7/65,5/80,0 98,9 -49,3; 7,7; 7,9; 8,2)
1-30 12132126,5/75,3| 85,7(58,7{70,1 89,9 +(4,2; 5,4; 4,9; 5,7)
I-31 1213234,5/93,5 104,7(68,3/81,6| 111,7 --(6,4; 5,2; 7,2; 6,7)
1-33 12140 134,5/99,8| 117,7|72,6/91,6] 125,9 -+(7,6; 8,1; 8,0; 7,0)

111-49 811627 83,7, 96,4!64,7/69,8) 95,6 —(1,3; 1,6; 1,3; 0,8)

MN 4075-62

15 812012,5/82,4] 90,1167,0/78,2] 96,1 +(6.9; 7,1; 7,2; 6,6)

TABLE 2. Values of the Initial Quantities and Calculated Excess Heats

. . Digital computer computation of AT,
Dimensions, mm - .

Sample K at the points AT, °K by
number P , b } \ . J . , s , y (19)

1 10 30 32 46,7 51,9 41,3 45,4 51,4

2 10 30 4 30,0 31,8 29,7 31,4 31,7

3 10 18 32 34,2 35,3 31,7 32,6 35,2

4 6 18 20 138,2 153,5 133,2 147,7 153,2

|

Thermal characteristics: 0o =20; ap = 55 cre = 16 w/m? deg; c =400 J/kg- deg; p
= 5000 kg/m; Ao = 0.4 W/m- deg; qy = 10° W/’ T, = 293°K; in the example 4cy = 0;
qy = 5°10° W/m’,

The correlation (18) was also verified for bounded cylindrical tubes with internal energy sources
whose temperature field was computed on the "Minsk-1" digital computer by the method of elementary
balances. Such a verification was carried out on four bodies with different relations between the dimen-
sions, as well as for differing heat-exchange conditions in one of the samples. The calculated excess heats
and initial values are presented in Table 2.

The results of this verification, free of experimental errors, again indicate the correctness of the
considered correlation.

NOTATION
X=x/1, Y=Y/,
Z=z/1 are the dimensionless coordinates;
6=T/T¢ is the dimensionless temperature, or the ratio between the temperature examined
and the temperature of the medium;
C(6) = c(0)p(6)/ ¢,
L(O) = A (8)/ N are the dimensionless volume heat conduction and heat conduction, respectively;
G =egTal/ 2y is the dimensionless relative characteristic of the radiated heat flux;

are the heat-exchange coefficients for the outer, inner, and endface surface of the
tube, respectively.

Qo Uins Ge

Subscript

S denotes phenomena on the body surface.
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